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Abstract 

In a recent paper we constructed a basis for the contact-order filtration 
of the module of derivations on the orbit space of a finite real reflection 
group acting on an ^-dimensional Euclidean space. Recently M. Yoshinaga 
constructed another basis for the contact-order filtration in [S]. In this 
note we give an explicit formula relating Yoshinaga's basis to the basis 
given in [Hj. The two bases turn out to be equal (up to a constant matrix). 
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1 The setup and the main result 

Let V be an ^-dimensional Euclidean vector space with inner product /. Then 
its dual space V* is equipped with the inner product I* which is induced by /. 
Let S be the symmetric algebra of V* over M. Identify S with the algebra of 
polynomial functions on V. Let Derg be the S'-module of R-linear derivations of 
S. When X\, ■ ■ ■ ,Xg denote a basis for V* , the partial derivations di := d/dXi 
with respect to X, (1 < i < £) naturally form a basis for Derg over S. Let 
K be the field of quotients of S and Der^ be the K- vector space of R-linear 
derivations of K . Then the partial derivations di (1 < i < I) naturally form a 
basis for Der^ over K . 

Let W be a finite irreducible orthogonal reflection group (a Coxeter group) 
acting on V . The Coxeter group W naturally acts on V*, S and Derg. The 
W-invariant subring of S is denoted by R. Then it is classically known [l, V.5.3, 
Theorem 3] that there exist algebraically independent homogeneous polynomials 
Pi, ■ ■ ■ , Pi € R with degPi < • • • < degPf, which are called basic invariants, 
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such that R = R[Pi, • • • , Pi]. The primitive derivation D G Dcr^ is charac- 
terized by 

1 for i = £, 
otherwise. 

Write P = (Pi,..., Pi). Let J(P) denote the Jacobian matrix [dPj/dXi]^. 
Define A := det J(P). Then A is an anti-invariant [IJ V.5.4] and A 2 G i?. Let 

7 : Der fl x Der fl -> -^i? 

be the symmetric i?-bilinear form induced by /. Let 

V : Der fl x Der fl — ► ^ Der « 

(X,Y)^ Vx Y 

be the Levi-Civita connection with respect to I. Since -rjp- G ^Ders by 
Cramer's rule, one can embed Der# into Der^-. Extend the Levi-Civita connec- 
tion naturally to 

V : DeiK x Der^ — ► Der^-. 
Note V{(?7) = J^i because each I(di,dj) is constant. 

In we introduced derivations (,[ m \ ■ ■ ■ , Q G Der5 for m > by 

(fW AmU = U^,...,-^)J(P) T AJ(D k [X])- 1 ifm = 2fc, 

^ "" ' \( s | r ,..., s |-)J(PrAJ(^ fe [X])- 1 J(P)ifm = 2fc + l. 

Here A := [/•(X i ,A J -)] y and J(.D fe [X]) := [^(Xy)/^] „ (B* := Do 
D o ■■ ■ o D (k times)). Let A be the Coxeter arrangement determined by the 
Coxeter group W: A is the set of reflecting hyperplanes. Choose for each hyper- 
plane H G A a linear form an G V* such that H = ker(a#). The derivations 
£,[ m \ . . . , Q G Ders were constructed in |S] so that they may form a basis for 
the 5-module [TUI 

D^ m \A) := {9 G Der s I 0(a H ) £ Sag for any G A} 

for each nonnegative integer m. The filtration 

Der s = D (0) („4) D D (1) (^) D D (2) („4) D ■■■ 

of Ders is called the contact-order filtration. Define 

H (k) = dC 2 *- 1 ) (^JnDerji 

for each fc > 1. Let H (0) = Der fl ,. Then we have a filtration 

Der fl = D D W (2) D • • ■ 
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of Der^. This filtration is known [7j to be equal to the Hodge filtration 

introduced by K. Saito The derivations ^ k l \ . . . , ^ 2k ^ € Der# form an 
i?-basis for Tt^ for k > 1. Therefore the contact-order filtration, retricted to 
Der^j, gives the Hodge filtration. Define 

T:={fGR\Df = 0} = R[P 1 ,...,P e -i}. 

Then the covariant derivative Vb : Der^ — >De?K is T- linear. The Hodge 
filtration was originally defined so that the T-linear map 

\7 k D : = y D o • • ■ o V D (fc times) : H {k) — > H {a) = Der fl 

is bijective 0]. Thus we may define V^, fe £ <E for any £ 6 Der# and fc > 0. 
In |S] M. Yoshinaga proved the following 

Theorem 1.1. ( 8, Theorem 6]) Let k > and 

E :=Y, X & = ^(degPO^/dP,) 

£ i 

be the Euler derivation. Suppose that £1, . . . , £g are a basis for DW(.4). Then 

(1) the derivations V 6 V D k E, . . . , V & W^E form a basis for D {2k ^ (A) 
over S, and 

(2) the derivations V^V^-E, . . . , V^V^-E form a basis for D^ 2k ">(A) over 

S. 

It thus seems natural to ask how the basis above constructed by Yoshinaga 
is related to the basis £^ , . . . , £» m ' given in [S] . The following theorem answers 
this question: 

Theorem 1.2. Let k > 0. Then 

(tf k+1) & k+1) ) = (-l)*(V e a) V D fe P, . . . , V f a, V D fe P) 

(f< afc \ . . . , ef fc) ) = (-l) fe (V ai V^P, . . . , V a< V D fc £:)A 
So the two bases turn out to be equal up to a constant matrix. 

The significance of Theorem lf.2l is as follows: Recently M. Yoshinaga 9 affir- 
matively settled the Edclman-Reiner conjecture which asserts that the cones of 
the extended Shi/Catalan arrangements are free. In other words, there exist ba- 
sic derivations for each extended Shi/Catalan arrangement. However, a formula 
for basic derivations is still unknown. Since the derivations £■ (i = !,...,£) 
are the principal (^highest degree) parts of basic derivations, Theorem ll.2l can 
be interpreted as a differential-geometric formula for the "principal parts." So it 
may suggest the existence of a differential-geometric formula for the whole basic 
derivations, including the "non-principal part." One may also regard Theorem 
11.21 as a very explicit algebraic description of the derivations in the right hand 
side. They are, as mentioned above, when m is odd, bases for the Hodge fil- 
tration which is the key to define the flat structure on the orbit space V/W in 
|Sj . The flat structure is called the Frobenius manifold structure from the view 
point of topological field theory 
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2 Proof 

We will prove Theorem 1 1.21 in this section. First we show the following. 
Lemma 2.1. For k > 1 and £ G {^J 1 ', . ..f^}, we have 

Proof. We use an induction on k. When k = 1, the lemma asserts 
VfloV r V{oV D = V [D,<5]> 

which is the integrable property of the Levi-Civita connection V. Let k > 1. 
We have 

VdoV ? = V^'o^oVc+V^]) 

= (V^oVfJoVu+V^oVp^ 

= (V ? o V^ 1 + (fc - 1)V^ 2 o V[ D( £]) oV fl + V^ 1 o v [A?] 
= V € o + (fc - 1)V^ 2 o V [£ ), € ] oV fl l V^ 1 o V [D ,g 

by using the induction assumption. Let 1 < i < £. Since deg£(Pj) < 2(degPf), 
we have 

and [D, [D,£\] = 0. So we obtain 

Vd o Vp.g = Vp^] o V D . 

This implies 

o V ? = V ? o V k D + k V^ 1 o v Pi?] . 

□ 

Recall the W-invariant inner product 7* : V* x 1/* — ► M. Let fi}j denote 
the i?-module of Kahler differentials. Let 

I* : fi^j X fi^ — ► # 

be the symmetric i?-bilinear form induced by I* . Let 

G := [ridP^dP^ij = J(P) T AJ(P). 

Define 

:= -J(P) T AJ{D k [X})J(D k - 1 [X.})- 1 J(P) 
for fe > 1 as in [JjJ. Then we have 

Lemma 2.2. (%) £uer?/ enirt/ of-B^ /ies m T; D[B^] = 0, 
(jgj detsW eM', ' 
(Sj £>[G] =S (1) + (S (1) ) T , 
ft) B( fc+1 ) = BW + kD[G\. 
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Proof. By (i. Lemmas 3.3 - 3.6, Remark 3.7]. □ 

The following proposition is one of the main results in \7\: 
Proposition 2.3. For k > 1, 

In the rest of this note, let (ft, . . . , ft) denote (ft , . . . , ft ) f° r simplicity. 
Note 

d d 

Lemma 2.4. 

([A ft], . . . [A ft]) = (A, . . . , ^p)D[G\ = (V D ft, . . . , Vcft)^^))- 1 ^^]. 

Proof. The first equality easily follows from 

[D, ft](P«) - £> o ft(P 2 ) - ft o D(Pi) = D o ft(P,) = D[r(dP u dPj)]. 
For the second equality, apply Proposition 12.31 when k = 1. □ 
Lemma 2.5. For any rj G Der^ , 

(V Cl T7, . . . , V^) = (Vei»7, ■ ■ ■ , V 9f 77)AJ(P). 

Proof. Since both sides are additive with respect to rj, we may assume n = fdj 
for some j and / G K . Then we have 

(V a r?,...,V^) = (V Cl (/d, ),..., V 6 (/d,)) 

= (ft (M-,-.., ft (/H-) 

= ((d 1 f)d J ,...,(dd)d J )AJ(P) 
= (V dl (fd j ),...,\7 dl (fd J ))AJ(P) 
= {V dlV ,...,V deV )AJ{P). 

□ 

Proof of Theorem 11.21 When k — 0, the formulas are obviously true. Let 
k > 1. Let £ G {ft, ... , ft}. Apply the identity in Lemma |2~T1 to V^, 15 to get 

(v£ o V 5 )(V D fe £) - V S E - fc(V^ o \7 [D ^)(\7 D k E) = k V^(V m] E). 

Since V '^E = rj for any n G Der^, one obtains 

V k D (VsV D k E)-Z = k V^[A£] 
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and thus 

V k D +1 (V^ D k E) = S7 D £ + k [D,t] 
On the other hand, Lemma \l. 41 asserts 

([A fx], ■ ■ ■ [D,tt]) = (VdZu ■ ■ ■ , Vo^iB^y'DlG}. 

So we have 

(V^ +1 (V 5l V D k E), V k D +1 (V ie V D k E)) 
= (V D &, . . . , V D 6) + fc (V D &, • • • , V D ^)(S (1) )" 1 ^[G] 
= (V D 6, • • • , V D e«)(B' 1 »)- 1 (B (1) + ^[G]) 

= (v^.-.v^xb' 1 ')-^ 1 ' 

= (d/dP 1 ,...,d/dP i )B^ 

= (-i)\v h J 1 tf k+1 \...,v k D +1 tf k+1) ) 

by Lemma \l. 21 and Proposition 12. 31 This proves the first formula. 
For the second formula, compute 

(V Sl V D k E, . . . , V& V D fc £) = (V 9l V D k E,... , Va, V D fc i?) A J(P) 

by Lemma 12.51 Apply the first formula and we get 

(£f fc \...,cf fc) )j(p) = (£i 2fe+1 \...,d 2fc+1) ) 

= (-l) k (V il V D k E,...,V^ D k E) 

= (-l) k (\7 ai V D k E 7 y dl V D k E)AJ{V). 

This completes the proof of Theorem ll.2l 

□ 
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